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What are interval data?

In some important empirical situations, data can come to us that

have uncertainties that are naturally represented by mathematical

intervals and that cannot properly be characterized by any

particular probability distribution.

These intervals are used to represent measurement uncertainty, or

other uncertainties subsequently attached to a measurement during

recording, transcription, transmission, communication or

manipulation.



Measurement uncertainity

One of the fundamental ideas of using intervals to model

measurement uncertainty is that data can di�er in quality. This

data quality can be represented by the width of intervals, which

enclose the measured quantity.



Ferson, Kreinovich, Hajagos, Oberkampf, Ginzburg (2007):

Epistemic uncertainty that is naturally modeled by intervals is

called incertitude. This kind of uncertainty is characterized by the

absence of evidence about the probabilities that the underlying

unknown quantity is in any particular subset of the interval.



Ferson, Kreinovich, Hajagos, Oberkampf, Ginzburg (2007):

I No concentration: The actual value has complete latitude to

be anywhere within the interval with probability one. In fact, it

might be multiple values within the interval, as would be the

case if the quantity is not �xed but varying.

I Full con�dence: The measurement represents an assertion with

full con�dence that the value is within the speci�ed interval,

and not outside it. The assertion is not a statistical con�dence

statement.



Possible sources of interval data

I Plus-or-minus uncertainty reports

I Signi�cant digits

I Intermittent measurement

I Non-detects

I Censoring

I Data binning and rounding

I Missing data

I Gross ignorance



Interval arithmetics

Interval:

x = [x , x ] = {X ∈ R : x ≤ X ≤ x}

Function extended to intervals:

f(x1, x2, . . . , xn) = {f(X1,X2, . . . ,Xn) : X1 ∈ x1, . . . ,Xn ∈ xn}

Basic interval arithmetics:

x + y = [x , x ] +
[
y , y
]
=
[
x + y , x + y

]
x − y = [x , x ]−

[
y , y
]
=
[
x − y , x − y

]
x×y = [x , x ]×

[
y , y
]
=
[
min

(
xy , xy , xy , xy

)
,max

(
xy , xy , xy , xy

)]
x ÷ y = [x , x ]÷

[
y , y
]
= [x , x ]×

[
1/y , 1/y

]
when 0 /∈ y



Interval arithmetics

I Except for division by zero, results are intervals (no holes)

I Results are rigorous bounds

I Interval analysis conventionally uses outward-directed rounding

I Straightforward sequential application of interval arithmetics

may lead to suboptimal results



Two interpretations of interval

interpret.jpg

Interval (set of scalars):

x = [x , x ] = {X ∈ R : x ≤ X ≤ x}

Interval spike interpretation:

Fx = {F (X ) : ∃C ∈ [x , x ] ,X < C ⇒ F (X ) = 0,X ≥ C ⇒ F (X ) = 1}

Interval box interpretation:

Fx = {F (X ) : X < x ⇒ F (X ) = 0,X > x ⇒ F (X ) = 1}



Kinds of interval data sets

The narrowness and scatteredness of the intervals play role in

computability of statistics for interval data.



Kinds of interval data sets



Empirical distribution function

Spike interp.: The p-box is the set of all (precise) distribution

functions that could arise from any possible con�guration of scalar

values from within the respective intervals that make up the data.

Box interp.: The intervals represent all the distribution functions

having support on that range.

H =

{
H(X ) : H(X ) =

n∑
i=1

Fi (X )/n,X ∈ R,F ∈ Fxi

}



Equiprobability model of itervals

Represents the idea that each possible value in an interval is equally

likely.

Bertrand and Groupil (2000) or Billard and Diday (2000)



Sample mean

Bounds on arithmetic mean:[
n∑

i=1

xi/n,
n∑

i=1

xi/n

]

Bounds on geometric mean: n

√√√√ n∏
i=1

xi ,
n

√√√√ n∏
i=1

xi


This correspondence between the endpoints of the interval statistic

and the bounding distributions does not occur for all statistics.



D-parameter

Manski (2003) suggested the term D-parameter:

A statistic D is said to respect stochastic dominance if

D(F ) ≤ D(G ) for distribution functions F and G whenever

F (X ) ≥ G (X ) for all real values X (in which case the distribution F

is said to stochastically dominate G).

Besides for means, the median and other percentiles are

D-parameters and the endpoints of these statistics correspond to

the respective statistic of the two bounding distributions of the

p-box.



Sample variance

Computing the range for the variance of general interval data is

provably an NP-hard problem. There are better algorithms in

special cases of interval data (eg. no-nesting, arrangeable, thin).

Bounds on standard deviation:[√
v ,
√
v
]



Con�dence limits on the distribution

Distribution-free con�dence limits on a distribution function. The

con�dence limits depend on the value of Smirnov statistics. The

left and right sides of the resulting p-box are:[
B(X ),B(X )

]
=

[min(1, SLN(X ) + Dmax(α, n)),max(0, SRN(X ) + Dmax(α, n))]

where, SLN(X ) is the fraction of the left endpoints of the values in

the data set that are at or below the magnitude X, SRN(X ) is the
analogous fraction of right endpoints in the data that are at or

below X, and Dmax is the Smirnov statistic that depends on both

the con�dence level and the sample size.



Con�dence limits on the distribution



Con�dence limits for the mean

The commonly used con�dence limits are those for the mean of a

variable assumed to follow a normal distribution. In this (ordinary

data) case, the con�dence interval is

[Lα(X ),Uα(X )] =[
X − tα,n ∗ s/

√
n,X + tα,n ∗ s/

√
n
]

Inner bounds on conf. limits:

L,U

Outer bounds on conf. limits:

L,U



Fitting distributions

Result is a set of distributions.

I Method of matching moments

I Maximum likelihood

I By regression



Computability

The Variance column also applies to the calculation of standard

deviation. The Breadths column applies to calculating upper and

lower con�dence limits, outlier detection, and even-ordered central

moments. It also applies to percentiles and medians. The

Covariance column also applies to calculating correlations.



Computability

There may be considerable economies that arise because only some

of the data are intervals. When H of the values are nondegenerate

intervals and (N - H) are scalar point values, the computabilities

improve according to this table.



Tradeo� between sample size and measurement uncertainity

Sampling uncertainty arises from not having measured all members

of a population and it is represented by con�dence limits.

Measurement uncertainty, speci�cally the uncertainty associated

with making a �nite-precision measurement, is represented by

(non-statistical) interval ranges.



Tradeo� between sample size and measurement uncertainity

The shading denotes the average resulting upper bound on the 95%

upper con�dence limit for the data set computed from random

samples of the given sample size.



Standard ISO/NIST approach to measurement uncertainity

Uncertainty is treated as though it were normally distributed.

These probability distributions represent the uncertainty about a

�xed quantity that would be associated with repeated

measurements of it.

Y =
n∑

i=1

Xi/N;U(Y ) =

√√√√ n∑
i=1

(Xi −
n∑

j=1

Xj/N)2/(n ∗ (n − 1))



Standard ISO/NIST approach to measurement uncertainity

It represents the idea that, with su�ciently many estimates of a

quantity, the uncertainty about that quantity can be made as small

as desired. In contrast, an approach based on interval statistics can

allow for situations in which incertitude represents a fundamental

constraint on the possible precision of an estimate.



Why to use intervals?

In interval statistics, then, both sampling uncertainty and

measurement uncertainty can be expressed in a way that

distinguishes the two forms. Using intervals to express and

propagate these kinds of uncertainties is a relatively inexpensive

way to make a formal accounting of the impact of measurement

uncertainty.


